Transfer mechanism of orbital angular moment(OAM) of light to trapped ground-state atoms under paraxial approximation is well known. Here we show how optical OAM of a LaguerreGaussian(LG) beam under paraxial approximation can be transferred to trapped Rydberg atoms.
I. INTRODUCTION
It has been twenty five years since the seminal work by Allen et al. [1] showing that Laguerre-Gaussian(LG) beam can carry well defined orbital angular momentum(OAM) of light was published. An optical OAM results phase singularity of the optical field whereas the optical spin angular momentum(SAM) is related to the polarization of the field [2] . The OAM of light is also termed as topological charge (TC) of optical vortex or helical phase front which can be created by dislocations in a diffractive structure. Due to its unbounded quantum numbers representing the states of OAM the LG beams have got enormous usages in fundamental studies of quantum systems [3] [4] [5] [6] [7] [8] , optical communications [9] [10] [11] , detection of spinning object [12] , generation of second and higher harmonics [13, [15] [16] [17] [18] , wave-mixing [19] , generation of singular optical lattice [20] etc. An LG beam is employed to generate optical tweezers that can trap and rotate micron sized particles in the dark central region of the beam [21] [22] [23] [24] . This occurs due to the transfer of OAM from light to matter. Similar transfer has been used to create and manipulate vortex states of atomic Bose-Einstein condensate (BEC) [25] [26] [27] [28] [29] [30] [31] [32] . Under paraxial approximation OAM and SAM are decoupled. Recent works suggest that optical OAM can influence to internal electronic transitions of atoms [32] only beyond the dipole transition. It is also shown that the OAM of light can be shared with quantized motion of the center of mass(CM) of atoms or molecules [32] . Recent experiments on single trapped ion [33, 34] have clearly demonstrated the transfer of light OAM into the internal states of the ion via quadrapole transition.
In cases of trapped atoms interacting with the LG beam, the ground and first excited states of the atoms are usually involved in optical transition. The dimensions of the trap and the CM wave-functions of the atom are small compared to the transverse extent of the LG beam.
As a result, the Gaussian factor of the LG field (discussed in section II), which peaks up away from the phase singularity of the beam(beam axis here), has always been neglected. However, the change in gradient of the electric field of the beam due to presence of this Gaussian factor can generate different textures during the interaction with atoms provided the span of the atomic wave function is comparable to the beam size. Owing to the extra-ordinary width of the wave functions, Rydberg atoms seem to be well suited exploring the effects of such textures on OAM transfer in light matter interaction. Futher, the Rydberg atoms themselves have some special properties [36, 37] , such as large transition dipole moment and long life times which make them good candidates for quantum information processing [38] .
Multi-wave mixing through the highly excited states of trapped Rydberg atoms is important for efficient-electromagnetically induced transparency [39] . Population dynamics in weakly excited clouds of cold Rydberg atoms has attracted a lot recent research interests [40, 42] .
The interaction of the LG beam with trapped Rydberg atoms will therefore be of immense importance.
In the present work, we study the interaction of LG beam with a Rydberg atom trapped in two dimensional harmonic potential. Here we mainly analyze the first order effect of the Gaussian factor of the beam on interaction and OAM transfer. We consider Rydberg atoms whose radius is one order less than that of the LG beam. The characteristic length scale of the two dimensional harmonic trap is comparable to beam waist, i.e., the characteristic length scale of the LG modes. Here the interaction is considered on-axis. We find that the TC of the beam can be transferred directly to the Rydberg electronic state in dipole transition. As a result, weak electronic transition channels of atoms, like 
II. THEORY
The expression of electric field E(r, t) = E(r)e iωtǫ , for the LG beam, where ω is the frequency andǫ is unit polarization vector of the beam and
is the amplitude profile of the LG beam expressed in cylindrical coordinate (ρ, φ, z) with l as the OAM [43] . Here ω 0 is the radius of the beam and the parameter E 0 = 2I/ǫ 0 c with I, c, ǫ 0 being the intensity, velocity of light and electric permitivity of free space, respectively.
In the case of on-axis interaction, we consider that the origin of the coordinate system of the interaction is at the beam axis. Here atomic wave functions are considered in spherical coordinate system (r, θ, φ). The beam profile, Eq.(1), can be expressed in this spherical co-ordinate by replacing ρ = r sin θ, φ = φ, z = r cos θ.
Where solid harmonics R m |l| has been defined in Appendix A. Equation (2) shows two important variables: Topological charge(l) which can be controlled externally. Another parameter is q, order of the summation series of the exponential profile of the beam. Both the parameters of the beam can be transferred to the internal and/or the CM motions of the matter.
We have used relations of solid harmonics here as discussed in Appendix A and obtain
The interaction Hamiltonian is given in Power-Zienau-Wooley(PZW) scheme [30, 45] as
The polarization vector, P(r), in closed integral form, is defined by
Here m c and m t are the masses of core of the atom and atom as a whole. They are considered same due to smallness of mass of the electron. The relative coordinate (internal coordinate) of the electron in the CM frame of atom is r = r e − r CM .
As discussed in Appendix B, the interaction Hamiltonian can be reduced to
where
The last angular factor e ikλr cos θe in Eq. (5) 
, the interaction Hamiltonian takes the form:
. Here, F e and F CM are the angular components of the interaction Hamiltonian containing spherical harmonics involving the electron and the CM angular coordinates, respectively. 1 F 2 (a; b, c; z) is hypergeometric function. α and β are l 1 +l 2 +l 3 +p+1 and |l| + 2q − l 1 − l 2 − l 3 , respectively. Here p = 0 corresponds to dipole approximation, when the size of atom is much smaller than the wavelength of electromagnetic radiation.
Since the Rydberg atom can have large size( size of Rydberg electronic wave function) that is one order magnitude less than w o , it appears that the dipole approximation breaks down for such Rydberg states. However, dipole approximation may hold good for Rydberg atoms in case of photonization occurring in the vicinity of nucleus [47] . Corresponding transition matrix element (putting p = 0 in Eq. (7)) between initial and final composite (electronic plus CM) states will be
Here 
A. Electronic dipole transition of a trapped Rydberg atom
The dipole transition matrix element is
Since is one order less than unity. Both the radial matrix elements of the electron and the CM depend on the power α and β, respectively, which are independent of orientation of the OAM of the beam.
III. NUMERICAL RESULTS AND INTERPRETATION
Here the CM wave function, obtained by solving Schrödinger equation, of the Rydberg atom in a two dimensional harmonic oscillatory potential is given by:
Here the normalized amplitude A N,M (x) = 1 wr 
The potential V (r) here is a sum of three physical contributions: V (r) = V c (r) + V pole (r) + V so (r), where
, with z nl being the effective charge from the core electron and given by z nl (r) = 1 + (Z − 1)e −a 1 r − r(a 3 + a 4 r)e −a 2 r [48, 49] . 6 ) is the potential due to core polarization on the valence (Rydberg) electron with α c being amplitude of core polarisablity. The value of the parameters a 1 , a 2 , a 3 , a 4 , r c and α c can be found in standard literature [48] . Spin-orbit potential has well known form V so (r) = with j, l and s being total angular momentum, orbital angular momentum and spin angular momentum quantum number of electron, respectively. Eq. (11) has been solved by Numerov algorithm [50] to obtain the radial wave function. This numerical approach requires energy values of the orbitals as input. The energy values have been calculated using the quantum defect theory [51] .
For the numerical illustration of our work, we choose realistic parameters following the experiment of [33] . In this work, we have considered the LG beam with waist 2.7µm [33] and intensity of 2400V /m which is below ionization limit [52] of Rubidium Rydberg atom.
The atom is trapped under two dimensional harmonic potential with characteristic length w r = 2.2µm [33] in the state n 2 S 1/2,−1/2 (n=60). Further, first two terms (corresponding to q= 0 and 1) have been kept in the expansion of Gaussian factor (see Eq. (A.3)) of a left circularly polarized (means σ = +1) LG beam to explore radial gradient of the field.
Equations (5) and (6) Let us discuss now the situation q = 1 which is one of the main objectives of this work.
Also, Lets us focus here only one of the cases, say, l = +1 and σ = +1 and this is the simplest case for q = 0. Compare to the case of q = 0, here we get many more channels of electronic transitions which can be understood from Eq. (9) with different combinations of l 2 and l 3 associated with the Gaussian factor. Though the matrix element defined in Eq. (9) symmetric with respect to l 2 and l 3 , the sharing of angular momentum between the internal motion and the CM motion will be different for interchanged values of the l 2 and l 3 . Let us consider an example with (l 1 , l 2 , l 3 ) as (0,1,0) and (0,0,1). Here, the OAM of light goes only to the motion of the CM as l 1 = 0. In the former combination, electron will gain one positive unit from the gradient of the exponential factor of the beam. Therefore, the CM acquires one negative unit from the gradient which nullifies the OAM of the CM obtained from the OAM of light. In the latter combination, the CM acquires positive unit of OAM (i.e., the electron gains one negative unit from the Gaussian factor of the beam) to have total OAM the CM equals to 2. But, in both the cases transitions will be S 1/2,−1/2 → D 5/2,−1/2+∆m j transition. Now, the change ∆m j will be decided from the value of m 2 + m 3 + σ, which generate ∆m j = 2 and 0 in the above cases. respectively. It is clear from the TABLE II, Rabi frequency in the S → D transition corresponding to ∆m j = 2 is greater than that of ∆m j = 0. Therefore, we can predict that the Rabi frequencies for ∆m j = −2 will be greater than that of ∆m j = 0 when both the (l, σ) angular momentum are negative.
Similarly, channels ∆m j = 0 can be explored by making opposite signs of σ and l.
So, depending on the relative sign of σ and l, most of the magnetic sub-levels in S → D transitions [33] , can be explored by LG beam in dipole level. It is possible to get ∆m j = 1 (9), increase with the charge of optical vortex apart from the factor g(l, q). Therefore, it is the competition between g(l, q) and the rest of the terms that decide the overall trend of the Rabi frequency.
As shown in TABLE II, transition channel S → D 5/2,3/2 will also be produced from l 1 = 0, but with l 2 = 1, l 3 = 0. This means that electron will not gain angular momentum from the topological charge of beam, but from the gradient of the Gaussian profile (i.e. q = 0) of the beam (it is designated as 'via GT' in the plot). Unlike 'via TC', the Rabi frequency for 'via GT' channel will increase with l value, which makes the total Rabi frequency of S → D 5/2,3/2 (total) channel is more or less constant. There will be other possibilities of internal transitions here with larger change of orbital angular number, but their effects are create entanglement between internal and external angular momentum in the final states [56] .
IV. CONCLUSION
Here we have studied how spatial structure of vortex light couples to both internal elec- 
